Using the observed time and spatial intervals defined originally by Einstein and the observation frame in the vierbein formalism, we propose that in curved spacetime, for a wave received in laboratories, the observed frequency is the changing rate of the phase of the wave relative to the local observable time scale and the momentum the changing rate of the phase relative to the local observable spatial length scale. The case of Robertson-Walker universe is especially considered. PACS number(s): 98.60.Eg,98.80.Es,04.20-q Key words: local time interval,redshift
The problem of redshift is very important in cosmology. It is directly related to the estimation of the age of the universe and other observables such as the recession velocities. The standard analysis of redshift of electromagnetic waves, or photons, in static curved spacetime is based on the null geodesics of light and the observable time intervals of the source and the observation point [1] - [2] . The standard redshift formula [2] in the Robertson-Walker universe relates wavelength and the cosmic scale factor. These two cases can be systematically studied by introducing the so-called local oberservation frame [3] .
It is well-known that in the vierbein formalism of general relativity there are two kinds of quantities: Riemannian quantities such as the curvature R µναβ and Lorentz quantities such as R abcd which is related to R µναβ in the way R abcd = e 
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We have to specify which is observable. Since the measurement of space and time intervals is fundamental to those of other quantities, we should study them first. Einstein [4] pointed out that in a local system, for two neighboring events, the spacetime interval is
where ∆L is measured directly by a measuring rod and ∆T by a clock at rest relative to the system :these are the naturally measured lengths and times. An observer is characterized by his position and his velocity in curved spacetime. For a static observer O whose velocity is u µ = (g 
(i, j = 1, 2, 3) This is equivalent to saying that the time rod of O is fixed by
This is because the u µ = g 0µ / √ g 00 , so
So the space interval must be (5) . Using (a ′ = 1, 2, 3)
we have e
Eqs (6) and (9) determine the time rod of O; The directions of the spatial rods remain arbitary, i.e., the observer may rotate arbitrarily his apparatus. For a moving observer O ′ (x, u ′ ), the time rod is still fixed by the relation (6) [3] . Denote the corresponding observation frame asē a µ , then according to special relativity,ē a µ should be related to e a µ by a local Lorentz transformation which is determined by the relative Lorentz velocity
where Λ 
In general this is a differential equation which can be integrated in some special cases. Once (12) is solved, we can obtain the world points x µ B and x µ B + dx µ B at which the two waves arrive at B. Then the redshift is
For a static metric such as the Schwarzschild metric, it can be easily shown that dx
For the time-dependent R-W metric of the universe, we have
So in the geometric-optics limit, the two cases can be systematically discussed.
In this letter we take into account the diffraction effect referring to the observable time interval (4). We consider the redshift of Klein-Gordon field φ in curved spacetime. Note that in flat sapcetime, the free particle is represented by a plane wave e −ikµx µ . The frequency of the wave observed at x is the time-changing rate of the phase and the momentum is the spatial-changing rate, i.e., the gradient of the phase. In curved spacetime, suppose that the solution of the covariant Klein-Gordon equation can be expressed as Φ = e −iS(x) and we can search for the function S(x) satisfying the two equations
It can be checked that the Klein-Gordon equation
is satisfied. Then we can identify the corresponding four-momentum as
because we have identically
which is just the geodesic equation. The first one in (17) is just the Jaccobi equation of a classical particle in a gravitational field. As argued in [3] it is p a rather than p µ := ∇ µ S which is observable. But in general, the solution is of the form Φ = |Φ|e −iS(x) , and even if |Φ| = 1, we are unlikely to obtain S satisfying both equations of (17). Yet, we are still able to recognize the momentum and frequency of the wave at a point x µ . Our main argument in this letter is that As in the flat spacetime, the frequency is still the changing rate of the phase relative to the local observable time scale and the momentum the changing rate of the phase relative to the local observable spatial length scale.
We now consider a Klein-Gordon field in the R-W spacetime. The equation of motion is
where ξ is the coupling of the field Φ with the scalar curvature R. The R-W metric in the conformal coordinates is [5] 
where C(η) = a 2 (t), a(t) is the cosmic scale factor. η is the conformal time, dη = dt a(t)
, and h ij (x) is defined as
with κ = 0, 1, −1 for flat, positive, or negative curved spatial sections, respectively. The homogeneity and isotropy of the metric allows a separation of the time and spatial dependence of (22), so we make the general ansatz [5] [6]
with x = (r, θ, φ) and Y k (x) an eigenfunction of the three spatial Laplacian with eigenvalue −λ 2 [7] 
For κ = 1, if the three-metric is written as
where
nm is a representation function of the group SU(2). On the other hand, when the isotropy of the space about one point is exhibited by writing
, we have 
The eigenfunctions are obtained by replacing χ by iχ and l +1 by iq in the formulae for κ = 1. However, q is now a continuous variable and J can be arbitrarily large:
The eigenvalue −λ 2 is determined by
The functions Π (−) are defined by [8] 
kJ by replacing k by −ik and x by −ix in the latter [9] . So the phase of Y k (x) is e ik·x for κ = 0 and e iM φ for κ = ±1. With the separation (25),f k satisfies
where the overdot denotes derivative with respect to conformal time. Both the η-dependence and the x-dependence are necessary in order to analyze the frequency and the momentum. For a generic power-law expansion a(t) ∼ t p , (36) reduces to the Bessel's equation [10] 
So the f k (η) is a combination of Hankel functions
for all p = 1. For both p = 1 (curvature-dominated expansion) and 1/2 (radiation-dominated expansion), eq(36) permits ordinary plane-wave solutions. As argued in [10] ,H
ν (βη) corresponds to the positive-frequency modes appropriate for R-W background. The time-dependent part of the phase of Φ is completely contained in the phase of H (1) ν (βη) which is easy to identify [10] 
where A and S are the real valued amplitude and phase functions. S is found to be
for real and imaginary ν respectively. For the R-W metric, the time-rod for a static observer is fixed by e µ 0 (η, x) = δ
in the conformal coordinates. Therefore the frequency observed at point (η, x) is
Hence in the comoving coordinates (t, x), the wave length observed is given by
The redshift is then
This formula was first given in [10] .
To investigate the momentum of the corresponding quanta observed at (η, x), we first consider the case κ = 0. From (27) it is seen that for the mode Φ k , the momentum projected onto the spatial axis is
So in general, the observed frequency and the momentum do not satisfy the relativistic relation of a massless particle ω 2 k = p 2 . In the short wave limit, β → ∞, the phase has the asymptotic behavior
This limit is the geometric-optics limit
Therefore, in this limit the relativistic relation is satisfied. This is reasonable since in the short-wave limit, it is the field quanta rather than wave is observed and in the long-wave case, the field is more wave-like than particle-like. The deviation of the frequency-momentum from ω 2 k = p 2 shows the effect of diffraction. For κ = ±1 in the coordinates (r, θ, φ), we can simply choose the inverse vierbein as
we have the three-momentum for the mode Φ k observed by a static observer
Bearing in mind that M is roughly the z-component of the angular-momentum, i.e., M ∼ l z ∼ p φ r sin θ (p φ is projection of the momentum along the φ-direction) the and the e φ a ′ denotes the φ-rod of the observer, hence our conclusion (50) is reasonable. As in the case for κ = 0, in general the relation ω 2 = p 2 is not satisfied either. The deviation exhibits the affect of diffraction. In this letter we discussed the observed frequency and momentum of a field in curved spacetime with Einstein's local observable spacetime intervals. In particular, we discussed the Φ-field in the R-W spacetime. The discussion obviously applies to a vector field. Our conclusions for the Φ-field are physically reasonable. Since the R-W spacetime covers a family of spacetimes such as de Sitter spacetime, our discussion applies also to those spacetimes. It is expected that our definition of observed frequency and momentum can find some application in both cosmology and particle physics.
